We consider a call center model with m input flows and r pools of agents; the m-vector λ of instantaneous arrival rates is allowed to be time-dependent and to vary stochastically. Seeking to optimize the trade-off between personnel costs and abandonment penalties, we develop and illustrate a practical method for sizing the r agent pools. Using stochastic fluid models, this method reduces the staffing problem to a multi-dimensional newsvendor problem, which can be solved numerically by a combination of linear programming and Monte Carlo simulation. Numerical examples are presented, and in all cases the pool sizes derived by means of the proposed method are very close to optimal.
Introduction
From an operations research perspective, the two central problems of telephone call center management are (a) the assignment of agents to work schedules, which we call the staff scheduling problem, and (b) the dynamic routing of calls to agents given system status, which we call the dynamic routing problem. This paper is directly concerned with the first of those problems, and because the two problems are inextricably linked, it is indirectly concerned with the second one as well.
As usual in OR studies, we view a call center as a queueing system, frequently referring to callers as "customers" and to call center agents as "servers." The general model that we adopt has m customer classes and r server pools. Server pool k consists of b k interchangeable agents (k = 1, . . . , r) whose capabilities will be described shortly. Customers of the various classes arrive randomly over time, and those who cannot be served immediately wait in a (possibly virtual) infinite-capacity buffer that is dedicated to their specific class. An example with m = 3 customer classes and r = 2 server pools is portrayed schematically in Figure 1 ; buffers are represented by open-ended rectangles and server pools by circles. An important assumption of our model is that customers of any given class will abandon their calls if forced to wait too long before commencement of service; abandoned calls are represented by the horizontal dotted arrows emanating from the storage buffers in Figure 1 . Our assumptions regarding speed of abandonment will be explained later.
The servers in a given pool may be cross-trained to handle customers of several different classes, and by the same token, there may be several pools able to handle a given customer class.
For the example portrayed in Figure 1 , each server pool can handle two of the three customer classes; customers of class 2 can be served by either pool, but each of the other two classes can be served by just one pool. In general, we allow the service time distribution of a customer to depend on both the customer's class and on the pool from which the server comes.
The dynamic routing problem referred to earlier is the following. First, whenever a customer arrives and there exist one or more idle servers who can handle that customer's class, the system manager must choose between routing the customer immediately to one of them versus putting the customer into buffer storage for later disposition. If the customer is to be routed immediately, there may be a further choice regarding the server pool to which it will be routed. Second, each time a server completes the processing of a customer and there exist waiting customers of one or more classes that the server can handle, the system manager must choose between routing one of those customers to the server immediately versus idling the server in anticipation of future arrivals.
These resource allocation decisions are conditioned on system status information at the time of the choice, including numbers of customers waiting in the various buffers and numbers of servers idle in the various pools. Generally speaking, the system manager wants to route calls to servers that can handle them most efficiently, but must also keep in mind the full spectrum of work to be done and the relative advantage of the different server pools in doing different kinds of work. Of course, it is skills acquired through training and experience that determine which classes of calls a given server pool can handle, and how efficiently it can handle them, so the problem laid out in the previous paragraph is often referred to as one of skills-based routing; see [6, §5.1] for further discussion of skills-based-routing.
In describing a call center and the associated dynamic routing problem, we have suppressed virtually all physical detail. A recent survey paper by Gans et al. [6] explains some of the technological reality that lies behind a standard queueing model of the kind employed here, and further provides a good account of the various problems involved in call center management. As those authors emphasize, capacity management is a matter of hierarchical decision making: decisions about hiring, training and retention determine personnel levels over relatively long time spans;
those personnel levels constrain staff scheduling decisions that fix pool sizes over intermediate time spans; and then pool sizes constrain dynamic routing decisions that are made and revised over short time spans.
Ignoring the first or highest level of that hierarchy, we shall address the following, somewhat stylized version of the second-level problem in the body of this paper, explaining afterward how the analysis can be extended to recognize more of the fine structure that characterizes real-world staff scheduling. First, the decision variables in our formulation are the pool sizes b 1 , . . . b r identified earlier, which we treat as continuous variables. The treatment of pool sizes as continuous variables reflects our primary focus on large call centers; see section 3 for further discussion.
Second, in our formulation of the staff scheduling problem, a system manager must determine in advance the capacity vector b = (b 1 , . . . , b r ) to be employed during a specified planning period;
by assumption, that decision cannot be revised as actual demand is observed during the period.
(In a typical application, a day would be broken into several such planning periods.) Third, we express service-level concerns in our formulation by attaching a penalty of p i dollars to each class i customer that abandons his or her call; as we shall explain later (see section 6), the formulation can easily be extended to further incorporate a linear waiting cost for each customer class. Finally,
given the personnel cost c k associated with employing one server in pool k for the duration of the planning period (k = 1, . . . , r), our objective is to minimize the sum of personnel costs plus expected total abandonment cost.
The crucial task in addressing this problem is to estimate best achievable performance with a given capacity vector b, by which we mean the smallest expected abandonment cost that can be achieved over the course of the planning period with the specified capacity vector. Our proposed method for call center staffing is based on a linear programming estimate of best achievable performance, an estimate that appears crude but has nonetheless proved surprisingly accurate in a realistic parameter regime (see section 3).
Roughly speaking, our method ignores all uncertainty and all variability in the call center environment except for that associated with average arrival rates, or average demand rates. We employ a very general model of call center demand in which the m-vector λ of average arrival rates for the various customer classes (expressed in units like calls per minute) is both temporally and stochastically variable; that is, we view λ itself as a stochastic process. As Gans et al. [6] acknowledge in section 4.4 of their survey paper, such a view is realistic, although most published papers on both call center staffing and dynamic routing treat average arrival rates as known and constant over the relevant planning period. (Moreover, to the best of our knowledge, all commercial software products that support those functions are based on similar modeling assumptions.)
To repeat, we take the view that temporal and stochastic variability of average demand rates, over a time span that is appropriate for staff scheduling purposes, are not only significant but actually dominant; we treat all other sources of variability as essentially negligible by comparison.
(To capture that perspective mathematically, we adopt a stochastic fluid model in which arrivals and departures both appear as continuous fluid flows.) In the kind of environment that we consider, a call center manager is much less able to fine-tune performance than is possible when average demand rates are known and constant over the planning period. Thus our modeling assumptions lead to what might be called a reduced-expectations view of system management.
The previous paragraph suggests that our method for call center staffing stands in contrast to other methods that have been proposed in the literature. That statement is somewhat deceptive, however, because there is no literature on staffing methods with multiple pools and multiple customer classes. The correct statement is that when one specializes our method to the simple case of one customer class and one server pool, which is essentially the only setting considered in the current literature, it is clearly distinguished from earlier work. A striking virtue of our method is that it applies to the general multi-class-and-multi-pool problem, which Gans et al. [6] characterize in section 5 of their survey paper as far beyond the reach of current theory.
Existing modeling approaches and related work. As indicated above, studies of call center staffing have focused on the case of a single pool of homogenous agents. Basic queueing models, in particular, the Erlang-C formula for the M/M/N queueing model (see [6] ), provide the main mathematical analysis tool in that setting. A widely-used rule-of-thumb that emerges from the Erlang-C formula, cf. [14] , is the square-root safety staffing rule, which recommends a server pool size of the form N = R + β √ R, where R is the nominal incoming load measured in Erlangs;
see [6, §4.1.1] for further discussion and references and [9] for a more rigorous justification using diffusion limits. A recent asymptotic analysis of the staffing problem in the context of the M/M/N single-class/single-pool call center model was carried out by Borst et al. [3] . They refine the squareroot rule by optimizing over β to balance queueing and staffing costs. Garnett et al. [7] extend the square-root staffing principle to account for abandonments, while Jennings et al. [13] adjust this formalism to account for non-stationary demand using infinite-server approximations. All of these results pertain to the single-class/single-pool Markovian queueing model. In the context of temporally varying demand, heuristics such as pointwise stationary approximations [8] are often used. Fluid limits, which take a macroscopic view of the system dynamics, provide a more rigorous analysis framework for non-stationary queueing systems; see [16] for a treatment of Markovian service networks which are inspired by call center models, and [4] which studies a web-service system with transient overload and uncertain demand using stochastic fluid models. Effects of uncertainty and non-stationarity are discussed in [5] , and [1] uses simulation and cutting plane methods to optimize costs subject to service level constraints.
The remainder of the paper. In section 2 we describe our method, emphasizing data inputs and computational mechanics rather than model assumptions. Readers will find that our specification of the method is less than fully detailed. In a sense, we reduce one problem to another, without saying exactly how the latter is to be solved, but the missing elements can reasonably be characterized as discretionary technical details. In section 3 we provide supporting logic for the proposed method, including a description of the parameter regime in which we expect it to work well. In the course of that discussion two mathematical conjectures regarding limit theory are advanced in rough form, but we make no attempt to justify our method in a rigorous mathematical sense, or even to specify with complete precision just what our model of a call center is.
Section 4 is devoted to the simple case with one customer class and one server pool, in order to
give readers a clearer understanding of our method's essential character and to make connections with existing literature. In section 5 we present a family of closely related numerical examples that all have the following crucial and relatively rare property: there exists an obvious "dominant strategy" for dynamic routing, and so one can use brute-force simulation to determine a nearlyoptimal staffing plan for each example, then compare its total cost against that achieved by our method. (One cannot make such a comparison for an arbitrary example, because one does not know the optimal dynamic routing policy given pool sizes.) In all cases considered, the vector of pool sizes determined by our method is nearly optimal, and our seemingly crude estimate of best achievable performance is very accurate as well. Section 6 contains some concluding remarks, including refinements of our method (described in broad outline) to account for aspects of realworld staff scheduling that are ignored in the body of the paper. The section also identifies several obvious directions for further research.
Description of the Proposed Staffing Method
To describe server capabilities in our call center model, we shall use the notion of processing "activities" as in [11] ; see [10] for a broader discussion of this concept and its role in stochastic systems theory. There are a total of n processing activities available to the system manager in our general call center model, each of which corresponds to agents from one particular pool serving customers of one particular class. (Thus the total number of activities is n = 4 for the system portrayed in Figure 1 .) For each activity j = 1, . . . , n we denote by i(j) the customer class being served, by k(j) the server pool involved, and by µ j the associated mean service rate (that is, the reciprocal of the mean of the associated service time distribution).
Let R and A be an m × n matrix and an r × n matrix, respectively, defined as follows: for
and R ij = 0 otherwise, and set
and A kj = 0 otherwise. Thus one interprets R as an input-output matrix, precisely as in [11] : its (i, j) th element specifies the average rate at which activity j removes class i customers from the system. Also, A is a capacity consumption matrix as in [11] : its (k,j) th element is 1 if activity j draws on the capacity of server pool k and is zero otherwise. In addition to the matrices R and A, our method for call center staffing requires as data the vector p = (p 1 , . . . , p m ) of penalty rates, and the vector c = (c 1 , . . . , c r ) of personnel costs (see section 1). The only other input required is a probability distribution F on R m + that is associated with the demand process; this will be explained in the paragraphs that follow.
In the following discussion of demand modeling, time t = 0 represents the start of the planning period and time t = T is its end. For the sake of concreteness we shall speak initially in terms of a doubly stochastic Poisson model of demand, which means the following. There is given a stochastic process Λ = (Λ(t) : 0 ≤ t ≤ T ) taking values in R m + , and given that Λ(t) = λ = (λ 1 , . . . , λ m ), the conditional distribution of arrivals in customer classes 1, . . . , m immediately after time t is that of independent Poisson processes with average arrival rates λ 1 , . . . , λ m respectively (0 ≤ t < T ). It is the distribution of the stochastic process Λ with which we shall be concerned.
For each λ ∈ R m + and b ∈ R r + let us denote by π * (λ, b) the optimal objective value of the following linear program (LP): choose an n-vector x to
subject to The initial specification of our proposed method for call center staffing, to be simplified shortly, is the following: choose the capacity vector b to
where E{·} denotes expected value over possible realizations of the stochastic process Λ. Again, the reasoning that supports this recommendation is delayed until the next section. However, because the initial term c · b in the objective function (3) represents the total personnel cost associated with capacity vector b, readers may have already inferred that the second term in (3) is the LP-based estimate of best achievable performance that was referred to in section 1. This is indeed the case.
To recast the optimization problem (3) in a standard form, let us define the cumulative distribution function
One interprets F (λ) as the expected fraction of time (within the planning period under study) during which Λ(·) ≤ λ. It is now an elementary exercise to prove that (3) is equivalent to the following (if Λ is a finite-valued process, this is just a matter of definition, and then one can use a monotone, finite-valued approximations to establish the general equivalence):
In the literature of stochastic programming, this kind of problem is called a two-stage LP with recourse: at the first stage a system manager chooses the capacity vector b and incurs cost c·b; then a random demand vector λ with distribution F is observed, and given that observation, the system manager chooses at the second stage a vector x of activity levels that solve the linear programming problem (1)- (2). This particular kind of two-stage problem embodied in (5) is sometimes called a multi-dimensional newsvendor problem; see, e.g., the recent survey by Van Mieghem [20] .
With regard to numerical solution techniques, two distinct computational approaches appear in the literature of stochastic programming, cf. [2] . First, various exact methods can be used when the distribution F concentrates its mass on a relatively small number of points, and second, approximate methods based on Monte Carlo simulation can be used in the general case. To elaborate on the latter approach in our particular context, observe that π * (λ, ·) is convex for each fixed λ (this is a standard result in linear programming theory), which directly implies the following.
Proposition 1 The minimand φ in (5) is a convex function on
Given that our problem is one of convex optimization, the gradient-descent method can be used for its numerical solution, with Monte Carlo simulation providing the means to estimate ∇φ(b)
for each trial value of b; see [19] for a recent survey of such methods. This approach will be applied to a small-scale example in section 5, but it looks to be practical for problems of the size encountered in real call center applications.
As stated earlier, the central feature of our call center model is the assumption of a random demand environment, meaning that the vector of average or expected arrival rates is itself viewed as a stochastic process Λ. We have thus far spoken in terms of doubly stochastic Poisson arrivals, but the Poisson assumption has not actually been used. The method that we propose for call center staffing does not depend on the fine stochastic structure of customer arrival processes given Λ (it would make no difference, for example, if arrival streams were correlated given Λ), because we treat routine stochastic variability given Λ as insignificant compared to variations in Λ itself.
Thus far nothing has been said about how to estimate the distribution F , which summarizes all that is relevant about demand variability for purposes of our method, from operational data in a given call center environment. That could be the subject of a paper by itself, and we cannot claim to have even thought through the various alternatives systematically as yet. However, one relatively simple and widely applicable approach will be described in section 6.
Supporting Logic
To motivate the staffing method described in section 2, we need to justify the second term in (3) as a reasonable estimate of best achievable performance for a given capacity vector b. First, more must be said about the abandonment mechanism in our call center model. We assume there exist abandonment rates γ 1 , . . . , γ m > 0 such that, when there are q i customers waiting for service in the class i buffer at time t, the expected number of class i abandonments in the interval (t, t + h) is approximately (γ i q i )h for small h > 0 (i = 1, . . . , m). This may be viewed as a consequence of the following more detailed assumption, which is standard in call center modeling [7] , [12] , [6] : there is associated with each class i caller an exponentially distributed random variable τ that has mean 1/γ i , and the customer will abandon the call when his or her waiting time (exclusive of service time) reaches a total of τ time units.
To justify the performance estimate embodied in (3), let us first consider a scenario where the vector λ of average arrival rates is known and constant (that is, not time-varying) and the time horizon for the dynamic routing problem is infinite. Assuming that the arrival rates λ i are large enough to make large pool sizes (on the order of tens, say) economically desirable, the law of large numbers provides a rough justification for the following fluid model of dynamic routing, cf. [15] .
First, the total number of class i customers at any given time t is modeled as a continuous variable z i (t) ≥ 0, and the state of the system at time t is represented by the vector
Second, having observed z(t), the system manager chooses a control vector
that satisfies the constraints
where B is an m × n matrix with B ij = 1 if i = i(j) and B ij = 0 otherwise. One interprets x j (t)
as the number of servers devoted to activity j at time t; recall that k(j) is the pool to which such servers belong, and i(j) is the class of customers that they serve when engaged in activity j. The first set of constraints in (6) requires that, for each pool k = 1, . . . , r, the total number of servers from pool k that are assigned to various activities is no larger than the number b k that exist. The second set of constraints requires that, for each customer class i = 1, . . . , m, the total number of servers assigned to processing class i customers is no larger than the number of such customers present in the system.
Let us define the m-vector q(t) = z(t) -Bx (t), so that q i (t) represents the number of class
i customers waiting at time t, excluding the ones being served, as above.
is the instantaneous departure rate from buffer i at time t due to abandonment. That is, setting
and then the dynamic evolution of our fluid control problem is governed by the following system of ordinary differential equations:ż
Also, the instantaneous cost rate at time t is
To avoid technical distractions, we shall restrict attention from the outset to controls x(·) for whichx := lim
exists. Because all the abandonment rates γ i are strictly positive by assumption, it is easy to prove that z(·) is bounded. Thus, integrating (10) over the interval [0, T ], dividing both sides by T and
and the long-run average cost rateπ that we are striving to minimize in our fluid control problem is given byπ
Let π * (λ, b) be the optimal objective value of the linear programming problem (1)-(2) as in section 2. Because y(t) ≥ 0 for all t ≥ 0, and henceȳ ≥ 0, we have from (11) that Rx ≤ λ, and (6) implies Ax ≤ b andx ≥ 0. That is,x is a feasible solution for the LP problem (1)-(2). Thus, under any admissible control x(·) one hasπ
Fixing an optimal solution x * of the LP problem (1)- (2), it is easy to construct from x * an admissible control that achieves the lower bound in (13) . In verbal terms, one simple way to accomplish this is the following. First, for each j= 1, . . . , n we permanently dedicate x * j servers from pool k(j) to activity j, which means that those servers are permanently dedicated to processing class i(j) customers. Any servers who are not permanently dedicated in that first step remain permanently idle. Second, at each time t we match or assign as many customers as possible to servers that have been dedicated to that class, and it is immaterial just how that matching is done.
To express this mathematically, let us focus specifically on customer class 1. Let the n activities be numbered in such a way that activities j = 1, . . . , are the only ones that have i(j) = 1 and
That is, activities 1, . . . , are precisely the ones to which servers are permanently dedicated for the processing of class 1 customers. Let
with f j (·) = 0 for all j ∈ {l + 1, . . . , n} such that i(j) = 1. Now we take
for all j ∈ {1, . . . , n} such that i(j) = 1. In words, this means the following: of the z 1 (t) class 1 customers who are present at time t, we first allocate as many as possible to the x * 1 servers from pool k(1) who are dedicated to activity 1, then allocate as many as possible to the x * 2 servers from pool k(2) who are dedicated to activity 2, and so on through the allocation of class 1 customers to servers from pool k( ) who are dedicated to activity ; if not all class 1 customers have been allocated to a server at that point, the remainder wait in buffer storage. The assignment of customers first to servers from pool k(1), . . ., and last to those from pool k( ) is arbitrary; what matters for the argument below is that we assign or match as many customers as possible to dedicated servers.
It is easy to verify that, under the control strategy just described, the general relationship (8) specializes to giveż
where g 1 (·) is piecewise linear and strictly decreasing on [0, ∞) with the following properties:
It follows that
, and thusx j = x * j . Repeating the construction and argument in identical fashion for other customer classes, one obtainsx j = x * j for all j = 1, . . . , n, and henceπ = (λ − Rx * ) = π * (λ, b) by (11) and (12) . In words, π * (λ, b) represents the best achievable performance (that is, the smallest achievable long run average cost rate) in our fluid approximation to the steady-state dynamic scheduling problem with λ known and constant.
To further develop our justification for the objective function in (3), consider a scenario where sample paths of the stochastic process Λ(·) are constant over one-hour intervals within the planning period, but the value of Λ(·) that will obtain over each such interval is unknown at the time when pool sizes must be decided. Let us further suppose that the average service rates µ 1 , . . . , µ n and average abandonment rates γ 1 , . . . , γ m are all around 60 per hour, which means that the average service time for each customer class is something close to one minute, and so is the average time that a customer will wait before abandoning a call. In this situation our dynamic routing problem evolves on a much faster time scale than does the vector of average demand rates: given the value λ taken on by Λ(·) at the beginning of a one-hour interval, and assuming as before that total flow rates are large enough to justify a fluid approximation, one is led to approximate the minimum average cost rate achievable over the interval by the steady-state performance estimate π * (λ, b).
Generalizing that piecewise-constant demand scenario in the obvious way, we assume that average service rates µ j and average abandonment rates γ i are large relative to the time scale on which demand changes occur. Thus one can reasonably employ a steady-state approximation for the lowest cost rate that is achievable in the dynamic scheduling problem given the value of Λ(·) that pertains at any given time. Further assuming that call volumes are adequate to justify a fluid approximation for the problem of steady-state performance estimation given that Λ(·) = λ, one arrives at (3).
There are two standard means of bolstering user confidence in approximations like ours. The first is to analyze numerical examples; that course will be followed in sections 4 and 5 below.
Second, one may strive to prove that the proposed approximation is in some sense "asymptotically optimal" in a limiting parameter regime. We shall not attempt such an analysis here, but it may be worthwhile to at least state a concrete conjecture regarding asymptotic optimality. It is easy to verify that in the cognate model, the vector of pool sizes recommended by our method is κ −1 f (κ)b * . That is, the original capacity choice b * is scaled up by a factor of f (κ) to reflect the acceleration of arrival processes, but then scaled down by a factor of κ to reflect the acceleration of service processes. We conjecture that this choice is asymptotically optimal in the following sense: both the expected total cost (over the planning period being analyzed) with our proposed vector of pool sizes, and the minimum expected total cost achievable with any choice, are
where φ(·) is defined for the original model via (8) and (9).
This statement corresponds to what is called fluid-scale asymptotic optimality in the literature of applied probability, cf. [17] and [15] .
A Special Case: Homogeneous Customers and Agents
Let us consider now the special case with a single customer class (m = 1) and a single agent pool (r = 1). There is then a single processing activity (n = 1), and we denote by µ > 0 the associated average service rate. Recalling that T denotes the length of planning horizon, we assume that c < T pµ.
That is, the cost to employ one server for the length of the planning period is less than the expected total abandonment cost that the server can prevent if continuously busy. (If this inequality did not hold, the optimal pool size would be b * = 0.)
In the current context one can solve the LP problem (1)- (2) by inspection: the optimal solution is x * = λ ∧ (bµ), and the optimal objective value is
Of course, F is now a probability distribution on [0, ∞), and using (21) one can express the objective function φ in our optimization problem (5) as
Assuming for simplicity that F is a continuous (atomless) distribution, one can differentiate (22) with respect to b and set the derivative equal to zero to obtain the following characterization of the optimal pool size b * : To illustrate various features of our proposed staffing method in the simple context described above, consider the artificial but illuminating demand scenario portrayed in Figure 2 . In this example the planning period is a 480-minute day (that is, T = 480) and each day's demand is either HI or LO with equal probability; the system manager does not know which case pertains when the pool size must be set. In each of those cases the average arrival rate grows and then dissipates during the course of a day according to the deterministic pattern portrayed in Figure 2 .
Thus, the demand distribution function F , defined in (4), for this example is 
The cost of employing one server for one day is taken to be c = $240, and the abandonment penalty is p = $2 per customer. Finally, assuming the mean service rate to be µ = 1 customers per minute, the critical fractile formula (23) To simplify analysis of the example, we make the following assumptions. First, both service times and inter-abandonment times are exponentially distributed, with parameters µ = 1 and γ = 0.5, respectively. Thus the average service time is one minute, and the average time that a customer will wait in the queue before abandoning is two minutes. Second, arrivals occur according to a non-homogeneous Poisson process whose intensity parameter Λ(·) evolves according to the pattern portrayed in Figure 2 . Of course, there are no dynamic routing decisions to be made in this simple system: servers process customers on a first-in-first-out basis, say, and there is no motivation to interrupt a service once it has begun, even if one assumes that is possible.
For each of the trial values b = 140, . . . , 158, we simulated system performance over 1000 statistically independent days, and recorded the average cost per day for each b value. Those average cost values, along with their upper and lower 95% confidence intervals, are plotted in Figure 3 , where the example under discussion is identified as our "variable demand scenario," to distinguish it from another case considered below. Also plotted in Figure 3 is the estimate of average daily cost (as a function of b) derived from our fluid approximation (22). There are three important conclusions to be drawn from Figure 3 . First, for each b value in the range considered, our fluid-based performance estimate is accurate to within about 1%. Second, the pool size of b * = 150 recommended by our fluid-based method is nearly optimal in the simulation study. To facilitate future discussion, the first two rows of Table 4 summarize pool size recommendations and associated daily cost estimates for our variable demand scenario, first based on the simulation study and then based on our fluid approximation. The final conclusion to be drawn from Figure 3 is that system performance is relatively insensitive to the pool size b, according to both our simulation results and the fluid approximation. It is interesting to contrast the example just discussed with a "constant demand scenario" where Λ(·) is identically equal to the overall average value,λ = 101.25 that was identified earlier in (24). For choices of b close to the optimal value, our fluid-based approximation of average daily cost is almost 10% lower in the constant-demand scenario than our simulation estimate. (Recall that the error is about 1% in the variable-demand scenario.) On the other hand, the naïve staffing proposal derived by our method in the constant-demand scenario is still quite good, producing an average daily cost that is only 1-2% greater than the lowest achievable value according to our simulation study. Of course, the most striking aspect of the figures presented in Table 4 is that best achievable performance is much worse in the variable demand scenario: both average daily cost and the prescribed pool size are about 50% higher with variable demand than with constant demand.
For the constant-demand scenario, we see in Figure 4 that the fluid-based estimate of average daily cost is considerably "steeper" in the vicinity of its minimizer than is the simulation-based estimate. For the variable-demand scenario, both estimates are much "flatter" in the neighborhood of their respective minimizers (see Figure 3) . Formula (22) for the fluid-based performance estimate helps one to understand this phenomenon: its derivative is
(The existence of this derivative is implied by the distribution F having no point masses.) Thus, φ (·) increases monotonically from −(T pµ − c) to +c, and the rate of increase depends on how "spread out" the distribution F is. That is, according to our fluid approximation, as the demand distribution F becomes more "spread out," there is a larger range of staffing levels b that achieve near-optimal performance. The results depicted in Table 4 and Figures 3 and 4 are consistent with this observation. In particular, note that average daily cost in the variable demand case would be quite close to optimal even if the fluid-optimal staffing level were not as close to the true optimum as it turned out to be.
Numerical Examples
Having considered the special case with a single customer class, homogenous agents and a simple stylized demand pattern, we now turn to a sequence of examples that illustrate the performance of the proposed fluid-based staffing method in more complicated scenarios. In particular, we consider system models that have two customer classes and whose operation involves dynamic routing decisions. These systems will first be analyzed with another stylized demand pattern, and subsequently a more realistic demand scenario is introduced and analyzed.
The system models depicted in Figure 5 both have two customer classes (m = 2) which are served by a single agent pool (r = 1) and two agent pools (r = 2), respectively. Callers of classes 1 and 2 arrive according to non-homogenous Poisson processes with stochastic intensities Λ 1 (t) and Λ 2 (t). There are b k servers in pool k (k = 1, 2), and the possible server-to-customer matchings are depicted in the figure. In the terminology of section 2, the single-pool model has 2 processing activities (one for each customer class), and the two-pool model has 3 processing activities. To simplify the dynamic scheduling decisions that are involved in allocating servers to incoming and waiting calls, we assume that all service times are exponentially distributed with rate µ j = 1 customer per minute (j = 1, 2 for the single-pool system, and j = 1, 2, 3 for the other).
Moreover, in the interest of simplicity, we assume that services can be interrupted at any time and later resumed from the point of preemption without incurring a penalty. Customers of class i who are waiting in queue abandon at rate γ i = 0.5 defections per minute, i.e., the inter-abandonment times are exponentially distributed with mean 1/γ i = 2 minutes (i = 1, 2) and are independent of the arrival and service time processes. The abandonment penalties are p 1 = $1 and p 2 = $2 per abandonment. With these assumptions and input data, it is always best to give class 2 priority when a server allocation decision needs to be made. The length of the planning horizon is taken to be T = 480 minutes, and the cost of employing a server for a working day is c 1 = $240 in the single-pools system, and c 1 = $160 and c 2 = $240 in the two-pool system. These costs reflect the fact that flexible (cross-trained) agents are paid more than those who can only process a single customer class.
Analysis of a stylized demand scenario
We consider the stylized demand pattern depicted in Figure 6 , for which the demand distribution function F , defined in (4), distributes mass 1/2 uniformly on each of the two line segments
In both systems, the fluid approximation produces very accurate estimates of system performance, Average demand rate (customers per minute)
with probability 0.5 with probability 0.5 Figure 6 : A two dimensional stylized demand pattern. as well as pool sizes which are on par with the optimal values derived via simulation. Table 2 contrasts the staffing level, personnel costs and abandonment costs derived using our fluid approximation and via simulation (based on 1000 statistically independent replication of the planning period). Using our proposed fluid approximation, the optimal staffing decision is obtained by solving a variant of the newsvendor problem that has piecewise linear underage cost; in the system with two server pools there are two design variables resulting in a two-dimensional newsvendor problem; see Van Mieghem [20] for examples and further discussion of multi-dimensional newsvendor problems. The simulation results reported in Table 3 for our two-pool model show that the objective function is quite "flat" in the vicinity of the optimal staffing levels; a similar insensitivity was observed in the single-pool model. Table 3 : Simulated average total costs for the two-class/two-pool system for various staffing levels.
(95% confidence intervals are ±200.) The optimal cost is denoted with a † .
A more realistic demand scenario.
We now restrict attention to the two-class/two-pool system and consider a more realistic demand scenario. Let Z = (Z n : n ∈ Z) be an i.i.d. sequence of R 2 -valued random variables which are normally distributed with zero mean and covariance matrix
where q ∈ [0, 1). Fix r ∈ [0, 1) and let X = (X n : n ∈ Z) be given by the recursion
where e = [1, 1] . Then X is a stationary autoregressive process in R 2 with a marginal distribution that is bivariate normal with mean [α, α] and covariance matrix Σ X = (1 − r 2 ) −1 Σ. If we consider the first coordinate of X to be the instantaneous arrival rate of class 1 calls over a certain interval of time, and the second coordinate as the class 2 arrival rate, we have a demand process which exhibits both inter-class correlation, the extent of which is controlled by the value of q, and temporal correlation, the extent of which is controlled by the value of r. In real-world systems the call volumes from different classes typically increase and decrease together, and temporal correlations are most often positive. With this in mind, we set q = 0.5 and r = 0.5 so that these correlations are positive and moderate in value, and set α = 3 so that X takes on nonnegative values with very high probability. The demand scenarios we consider in the next two examples are related to the stylized arrival rate patterns depicted earlier in Figure 6 . In preparation, let us partition the planning period (recall that its length is T = 480 minutes) into 18 sub-intervals of length ∆ = T /18 minutes, and denote by a i (j) the expected average arrival rate for class i customers over the j th subinterval when using the stylized demand model portrayed in Figure 6 (i = 1, 2 and j = 1, . . . , 18). Also, let a i denote the expected average arrival rate for class i customers over the entire planning period in the same demand model. be consecutive observations in the stationary autoregressive sequence X defined earlier, and suppose that Λ i (t) = a i (j)·(X ij /3) for all t in the j th sub-interval (i = 1, 2 and j = 1, . . . , 18). Thus, because EX ij = 3 for each i and j, the expected number of arrivals into each class is the same over each sub-interval as in the stylized demand model portrayed in Figure 6 . Table 4 shows the average daily costs with various pool size combinations, contrasting values predicted by our proposed fluid approximation with those calculated using simulation (averaged over 1000 statistically independent replications of the planning period).
Example 2: A stationary demand scenario. Again let the planning period be partitioned into 18 equal-sized intervals, but now set Λ i (·) = a i · (X ij /3) for all t in the j th sub-interval (i = 1, 2
and j = 1, . . . , 18). Thus the expected number of arrivals over the entire day is the same for each input flow as in the non-stationary example immediately above. Table 5 depicts the average daily costs, contrasting values predicted by our proposed fluid approximation with those calculated using simulation (averaged over 1000 statistically independent replications of the planning period).
Discussion. An inspection of Tables 4 and 5 reveals three noteworthy features that were present also in the previous examples that focused on a more stylized demand model. First, the cost surface is relatively "flat" in the region of the optimal staffing vector due to the uncertainty with correlated and stationary demand as a function of staffing levels. Fluid-optimal staffing levels and the associated fluid approximation to the total cost are given in boldface, and the optimal simulated cost is denoted with a † . (95% confidence intervals for simulated costs are roughly
±320.)
and variability in demand. Second, the fluid approximation results in near-optimal staffing level decisions and accurately predicts system costs. To elaborate a bit on the results presented in Table   4 , for example, the simulated cost of lost calls due to abandonments at the fluid-optimal staffing level (20,105) is $10,956, while the fluid approximation predicts this cost to be $10,930. Third, as Table 6 below indicates, the cost of "lost business" due to abandonments is roughly 25% of the total cost, a consequence of the fact that the system spends a non-negligible fraction of the day in an overloaded mode where the incoming rate of work exceeds capacity. (In contrast, if a system operates close to "heavy-traffic" yet slightly under-loaded, high service efficiency and arbitrarily small abandonment probabilities can be achieved; see, e.g., [7] .) Finally, as is also evident from for the second example, respectively.)
General comments on computational procedures
The simulation results in all the examples covered in this section were obtained by generating an appropriate non-homogenous Poisson process. (The simulation of the latter is straightforward using the thinning procedure described in [18] .) For the two examples discussed in section 5.2, the autoregressive process was generated first, then re-scaled appropriately by the average rates, and subsequently the non-homogenous Poisson process was simulated using those rates. In terms of optimization procedures, the stylized examples considered in section 5.1 are simple enough that one can calculate the fluid-model optimal staffing levels b * by hand, but for the more complex examples in section 5.2 the fluid approximation objective function was optimized using gradient descent as follows. The server allocation LP given in (1) - (2) is two-dimensional and can therefore be solved graphically. Given a staffing vector (b 1 , b 2 ), the LP shadow prices can be found in a straightforward manner, and it is not difficult to see that the aforementioned shadow prices are constant over four regions which partition R 2 . (For further details see, e.g., [20] which includes various examples of multi-dimensional newsvendor problems of this sort.) Thus, starting from any initial guess of the staffing vector, the shadow prices can be generated using the arrival rate over each time interval [(j − 1)∆, j∆) and each region in R 2 . Using simulation and averaging over a number of such days gives an estimate of the expected gradient of the objective function and thus the direction of descent. (Implicit in this is an interchange argument which can be justified under mild assumptions; see, e.g., [20] for further details.) Computing the total average daily cost of the system using the proposed fluid approximation was carried out by generating the arrival rate vector for the whole day, then solving the LP over each time interval where the arrival rate is constant.
For further discussion of solution methods for such LP problems with recourse see [2] and the recent survey [19] which discusses various Monte Carlo simulation-based optimization approaches.
Discussion and Concluding Remarks
We have adopted a formulation in which the only congestion-related costs are abandonment penalties. However, our method extends readily to the situation where, in addition to abandonment penalties, the system manager incurs a cost of h i > 0 for each unit of time that a class i customer spends waiting in the queue. (The term "linear holding cost" is commonly used to describe this added model element.) By modifying appropriately the supporting logic described in section 2, readers can verify that one arrives at the same staffing algorithm as before, except that the abandonment penalty p i that appears in the objective function (1) of our linear program is replaced by
. . , m) in the case with linear holding costs.
In this paper, we have taken as given the basic system configuration, including the number of server pools, the number of customer classes, the possible matchings of the latter to the former, and the average service rates embodied in the input-output matrix R. We have developed a fluid approximation that allows one to estimate best achievable system performance with a given vector of pool sizes, and used that estimate to optimize pool sizes given the system configuration.
However, one can obviously extend this analytical method to evaluate and contrast competing design configurations that propose different processing activities and agent pool structures. For example, one can compare the two-class/two-pool system model depicted in Figure 5 with an alternative that has two dedicated agent pools, each serving only a single designated class. In this manner, it is possible to characterize the value of incorporating cross-trained agents into a given system, as well as determine the extent to which such cross-training is necessary to achieve target operating costs.
At least in principle, our method can be modified to take into account the workforce management considerations described by Gans et al. in section 3.2 of their paper [6] . When one considers the added structure that captures shift schedules, etc., one confronts a large set of discrete staffing alternatives, rather than the continuum of choices assumed here. It is then possible to use our proposed stochastic fluid approximation to estimate costs under each of those discrete alternatives.
Of course, this would require linking our performance evaluation method to an appropriate discrete optimization technique. (For an example where simulation is used for purposes of performance evaluation in conjunction with an integer program that is used to set staffing levels see [1] .)
To apply our method in a given real-world context, the main task is to estimate the demand distribution F defined by (4) . A reasonable procedure for doing this, which accords well with the estimation methods commonly used in call center practice, is the following. Obviously, the staffing method that we have proposed is only valid if one can devise a dynamic routing policy whose performance with regard to expected abandonment costs approaches the LPbased estimate of best achievable performance embodied in (3). In the interest of brevity we have not attempted a systematic discussion of dynamic routing in this paper. However, a promising general approach to dynamic routing is embodied in the "supporting logic" described in section 3.
Roughly speaking, the idea is to solve the linear programming problem (1)-(2) in real time, based on a current estimate of the arrival rate vector λ, then allocate servers to customer classes over a moderate time span based on the solution obtained, repeating this procedure at the end of that time span. In future work we shall investigate the asymptotic optimality of such an approach (in the parametric regime identified in section 3) and describe variants of this basic idea that seem promising for practical implementation.
In this paper we have only emphasized uncertainty about the call center's demand environment. In a similar fashion, call center managers are typically uncertain about actual capacity (in the sense of average potential processing rates) given their staffing choices, due to factors such as absenteeism, heterogeniety among agents who nominally belong to the same skill category, learning effects, and a host of other factors. That is, call center managers are uncertain about their own internal capabilities, quite apart from the statistical variation in service times. It seems plausible that our method of accounting for large-scale demand uncertainty could be extended or modified to account for uncertainty regarding internal capabilities, but no serious effort has been expended in that direction to date.
